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Abstract 

According to McKay [1980] the irreducible characters of finite subgroups of SU(2) 
are in a natural 1-1 correspondence with the extended Coxeter-Dynkin graphs of 
type ADE. We show that the character values themselves can be given by an uni- 
form formula, as special values of polynomials which arise naturally as numerators 
of Poincare series associated to finite subgroups of SU(2) acting on polynomials in 
two variables. These polynomials have been the subject of a number of investiga- 
tions, but their interpretation as characters has apparently not been noticed. 

1. Introduction 

In 1980 McKay announced his astounding discovery that the finite subgroups of 
SU(2) are in natural 1-1 correspondence with the extended Coxeter-Dynkin graphs 
of type ADE in the following way. Let X be a finite subgroup of SU(2), {xi} its 
irreducible characters, and x the character of its natural representation on C^. Let 
M = {rriij) be the matrix defined by 

XXi ^^m,jX]- 

j 

The matrices M corresponding to the finite subgroups of SU(2) exactly the ma- 
trices of the form M = 21 — C where C is the Cartan matrix of an extended 
Coxeter-Dynkin graph of type ADE. McKay apparently found and verified this fact 
by direct computation. In the meantime there have been many attempts to ex- 
plain it in other ways or to provide further insight into this phenomenon. Steinberg 
offered an explanation in terms of representation theory of finite groups in 1982. 
Gonzales-Sprinberg and J.-L. Verdier [1983] gave an explanation in terms of al- 
gebraic geometry, an approach also taken up by Knorrer [1985]. Kostant [1985] 
found a remarkable relation between certain Poincare polynomials associated to 
these groups and the action of the Coxeter element on the ADE root system, and 
Springer [1987] gave another method for the computation of these polynomials. 
They play an important role in all papers mentioned, except for Steinberg's. Mys- 
teriously, they also appeared in an entirely different context in a paper of Lusztig 
in [1983] and reappeared in his paper in [1999]. It turns out that they have another 
striking feature, also rather strange at first sight: these polynomials 'are' the irre- 
ducible characters of the finite subgroups of SU(2), if this statement is taken with 
a grain of salt. The precise formulation is given in Theorem 3.1, the proof in §4. 
Some of the constructions in the proof have parallels in Galois theory of algebraic 
number fields having as common origin a method of localization for Galois groups 
at prime ideals (Lemmas 4.1,4.2): here the Galois group is K and its localization 
is a maximal abelian subgroup T. The ADE graphs of §2 encode those properties 
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the configuration of the these Ts inside of K which are needed in Theorem 3.1 to 
identiiy the polynomials as characters. 



2. The graphs 

Let y be a two dimensional complex vector with a unitary inner product. Let G be 
a finite subgroup of its unitary group V{V), and let Z = G (1 U(C) its intersection 
with the center of V{V). We shall be concerned with maximal abelian subgroups 
of G, typically denoted H with normalizer N{H). 

Lemma 2.1. (a) Any two maximal abelian subgroups H of G intersect in Z only. 
(b)The groups W = N{H)/H have order 1 or 2. 

This is immediate from the observation that any non-scalar element of V{V) has 
two distinct eigenvalues, but it will be useful to keep in mind how this happens. 
Each maximal abelian subgroup H oi G corresponds to a pair of lines P, P~ , its 
eigenspaces. The Ps which arise in this way are the singular lines, invariant under 
some non-scalar element in G. Let V denote the set of these Ps, a subset of P(F). 
Two Hs are G-conjugate if and only if the corresponding (unordered) pairs {P, P~} 
are. A conjugacy class of Hs corresponds to either 1 or 2 orbits of Ps, depending 
on whether P and P~ belong to the same orbit or not. In the first case N{H)/H 
has order 2 and interchanges P and P~; in the second case N{H)/H has order 1. 
The map G/H ^ G/N{H) is 2: 1 in the first case, 1:1 in the second. In the first 
case, when the orbits of P and P~ coincide, we call this orbit doubled, in the second 
case, when they are different, we call these orbits coupled. The same terminology 
applies to the corresponding class of Hs. The decomposition of G into conjugacy 
classes then gives 

where G = G/Z,H = H/Z, and the sum is extended over a complete set of repre- 
sentatives for the conjugacy classes of Hs. The equation is the class equation for 
these groups. Its solution for the possible values of |^|, \N{H)\, \G\ is goes back to 
the beginnings of the theory, as does the determination of the groups themselves. 

The finite subgroups G of U(y)/U(C) « PSU(2) w S0(3) are the polyhedral 
groups . We list them under three headings ADE in the notation of [Coxeter, 1974, 
pl5]. 

Type A. G = (p) « Cp , cyclic of order p,p = 1, 2 • • • 
Type D. G = {p, 2) « dihedral of order 2p., p = 1, 2 • • • 
Type E. 

Tetrahedral: G = (3,3,3) « 2t4, alternating of order 12, 
Octahedral: G = (4, 3, 2) « 64, symmetric of order 24, 
Icosahedral: G = (5, 3, 2) « 2I5, alternating of order 60. 

The notation G = (5, 3, 2), for example, means that there are three singular orbits 
of this group on P(F) ss w §^ with stabilizers H of orders 5, 3, 2, the three 
cyclic groups of rotations about three axes of symmetries of the icosahedron passing 
through a vertex, face, or edge. 

Of particular interest are the finite subgroups of SU(V^), which arc known as 
binary polyhedral groups or Klein groups. We use the letters K, T instead of G, H 
for these. Except for odd cyclic groups, they are all inverse images of polyhedral 
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groups under the map SU(F) — > S0(3) with kernel {±1} which here replaces the 
map V{V) S0(3) with kernel U(C). 

It is convenient to use the isomorphism of SU(2) with the group U(IHI) of quater- 
nions of norm one to represent isT as a subgroup of U(IHI). For this purpose H is 
considered as a left vector space of C via ^J—lx = ix with = — 1 in H. V is 
taken to be HI equipped with this complex structure. The action of U(IHI) on H by 
right multiplication gives its identification with U(V'), written u-x = xu~^ in order 
to have V{V) act on the left, as usual. Three generators ba, sb, ec for K may be 
chosen in the form 

for suitable quaternions Ja,Jb,Jc satisfying = — 1 [Coxeter 1974, p68]. The 
three cyclic subgroups Ta,Tb, Tq generated by e^, es, ec are the isotropy groups 
at three base points Pa, Pb, Pc for the three singular orbits VajVbjVc of K on 
P(y). The graphs below are designed to encode some properties the configuration 
of the singular lines Pa,Pb, Pc in V through the configuration of their stabilizers 
Ta,Tb,Tc inside of K, as explained in the legend. 



A2fc odd cyclic 

{2k + 1) £2^+1 


A2fc— 1 even cyclic 

{2k) = {k, k, 1) €2k = €1 


+1 +2 ••• +k 

1 

-1 -2 ••• -k 


+1 +2 ••• +(A;-1) 
* 
-1 -2 ••• -(fc-l) 



r>n i n =odd odd dihedral 

(",2,2) 


, n =even even dihedral 
(^,2,2) 


±1 

1 2 ••• n-3 * ±1 




1 

1 2 ••• n-3 * 1 




Eg 


tetrahedral 


E7 octahedral 


(3,3,2) 




(4,3,2) S| 




1 


1 


±1 ±2 


* ±2 ±1 


12 3*21 










Es 


icosahedral 




(5,3,2) 








1 




1 2 3 


4*21 












Legend. The first line lists the polyhedral type, the second a symbol for K like 

(5,3,2) and a name for it as abstract group like 2I5; the star indicates the extension 
by {±1} via SU(2) S0(3). The cyclic case of type A, will be omitted throughout, 
as it would only contribute some awkward complications in terminology. Each graph 
consists of three branches, strings of nodes joined at a central node labeled *. We 
use the letters A,B,C as labels for the three branches and various items attached 
to these. 

The three branches of the graph correspond to the three singidar orbits Va^Pb^Pc 
of K on V, its three singular orbits on P(y). The isotropy groups are cychc and for 
an appropriate choice of base points Pa, Pb,Pc they can be taken to be the three 
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cyclic subgroups T^, Tb, Tc corresponding to the three generators ba, es, ec of K 
mentioned above. These three subgroups form a complete system of representatives 
for the maximal abelian subgroups of K, but redundant for odd D„ and for Ee. 

The elements of Ta = {e^" = exp(±n^ J^), n = 1, • • • , pa} are represented 
by the nodes labeled n or ±n, to bo specified as nA or ±nA to indicate the branch 
A, if necessary. Each node, whether labeled n or ±n, represents two elements 
exp(±n^J), except when these coincide. A branch on which the label is n the 
group T represents a doubled class in the sense explained above; branches on which 
the label is ±n come in pairs, say A,B, and the corresponding groups Ta,Tb arc 
coupled, hence conjugate within K. The two branches A, B are then related by 
a symmetry of the graph, which occurs only for odd D„ and for Ee and the four 
elements cxp(±n^ ), exp(±n^JB) lie in two conjugacy classes, each containing 
two of the elements, namely the two corresponding to the choices (+, — ) or (— , +) 
of the ambiguous signs (±,±): opposite signs correspond to conjugate elements, 
equal signs to non-conjugate elements. The inversion involution [c] \c~'^] on 
conjugacy classes interchanges coupled classes and fixes all others, and is therefore 
represented by the symmetry of the graph which interchanges coupled nodes on 
symmetric branches. 

The central node labeled * corresponds to the central element —loiK inside 
of SU(2) and lies in all Ts. The node labeled may stand for the identity element 
and with this interpretation it should be thought of as attached to the ends of all 
branches; but it has been placed next to a particular node so as to produce the 
usual extended Coxeter-Dynkin graph, if taken as attached to that node [Bourbaki, 
1968]. This extra node is added so that the graph may do double duty as McKay's 
character graph, associated to the Cartan matrix in the way explained in the in- 
troduction. In this interpretation the extra node stands for the trivial character. 
Detailed verifications are omitted, except for the following lemma, which justifies 
most of the rules given above. 

Lemma 2.2. Two coupled nodes ±n,±n represent two conjugacy classes. Each 
pair with opposite signs represents the same class, each pair with equal signs repre- 
sents inverse classes. 



Proof. The coupling on nodes can occur only for D„ and for Eg, where the assertion 
be verified directly. For Eg, when K = (3,3,2), the three vertices can be taken to 
be [Coxeter, 1974, p76] 

Ja = -^{i+j + k), Jb = -^i'^-j + Jc = i- 

One has ec = = i and iJAi~^ = —Jb- Hence ecCAe^,^ = p-b^- This shows that 
conjugation by ec implements the coupling of the two branches A, B as indicated 
in the graph. For D„ the verification is similar. □ 

The reflection group K'. To start with, let K c G be any 'normal extension' 

of C SU(y) to a finite group G C U(y). Then K C G is a. normal extension 
of polyhedral groups in S0(3). (The few possibilities are well-known [Coxeter, 
1974, §7.1-7.3], but will not be needed here.) The three singular orbits of K and 
G on F{V) depend only on K and G. In particular, ii G = K then G has the 
same singular Ps as K, hence the maximal abelian groups H oi G are extensions 
of the maximal abelian groups T on K. Generally, G permutes the singular Ps 
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of K on P{V) and G/K permutes the three iiT-orbits of these Ps. The iiT-orbits 
corresponding to branches of the same length are permuted among themselves, so 
that this action of G/K must be trivial except for D„ and Eg. On the other hand, 
if G/K leaves a singular iT-orbit invariant, then this situation is represented in the 
form sP = P for some ,s € G and some P in this orbit. Similar remarks apply to the 
action of G/K on the conjugacy classes of Ts. Consider in particular the situation 
when one of the three Ts for K is invariant by some s G G, i.e. sTs~^ = T. In 
that case s permutes the two invariant lines P, P~ of T, leading to two cases, as 
indicated. 

Case(l)...P = P,a.p-=P-.T:(^ A") ' ^ = (S ^-)- 

Case (2) s-P = P-,s-P-=P. T : (^^ ^"^^ , s = (^J . 

Case (1) occurs whenever an element s of G leaves invariant a singular line P oi K. 
If s is furthermore a reflection, i.e. leaves pointwise fixed a subspace of codimension 
1, then exactly one of /i, /i~ must be = 1. 

It is a remarkable fact that each finite subgroup K of SU(2) is contained with 
index 2 in a subgroup of U(2) generated by three reflections of order 2 [Coxeter, 
1974, p93]. The reflection group associated to K = {pa,Pb,Pc) in this way is 
denoted K' = {pa,Pb,Pc)' ■ In this case the action of the two element group K' / K 
on the three singular orbits Va,'Pb,'Pc gives an involution on the graph encoding 
these orbits. The following lemma identifles this action of K'/K as the inversion 
involution [c] i-^ [c^^] on conjugacy classes. 

Lemma 2.3. K'/K acts by inversion on the conjugacy classes in K . 

Proof. It suffices to show that K'/K acts by inversion on the classes of the three 
generators e^, es, ec of the three cyclic groups. In any case K'/K must map the 
class of one of these generator to a class of the same order. Thus only coupled 
end- nodes ±1, ±1 need be considered, for odd D„ and for Eg. Take the latter case, 
for example. 

From the construction in [Coxeter, 1974, §9.5] the group K' = (3,3,2)' has as 
the two element group (4, 3, 2)/(3, 3, 2) as a quotient and the action of K'/K on 
the classes in K = (3, 3, 2) agrees with that of (4, 3, 2) / (3, 3, 2). Thus it remains to 
check that (4, 3, 2)/(3, 3, 2) acts by inversion on the classes in (3,3,2). It follows 
from the construction of (4,3,2) from (3,3,2) in [Coxeter, 1974, §7.3] that (4,3,2) 
has an element which interchanges the two generators ca and es of (3,3,2). The 
classes e^^and in (3, 3, 2) are indeed inverses of each other, as can be read off the 
Eg graph and has been verified in the proof of the preceding lemma. □ 

Four groups associated to a Schwarz triangle. We mention a few facts about 
the groups under consideration, but the further development is logically indepen- 
dent of these. To get an overview it seems best to start with a Schwarz trian- 
gle of the first kind, a triangle on a 2-sphere, with vertices A, B, C whose angles 
n/pA, t^/pb, t^/pc satisfy the inequality 

111. 
— + — + —> 1. 

PA PB PC 

There are four groups associated to such a Schwarz triangle. They may be described 
as follows. The groups in question are transformation groups on a real or complex 
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space Ve or Vc, copies of or . We denote them K^, K^, Kc, K^. Km and 
Kc are finite subgroups of O(Vif) and U(Vc), and are reflection groups in 
0(Vm) and SU'(Vc) containing and Kc as subgroups of index two. (SU'(Vc) is 
the group generated by SU(Vc) together with i and consists of unitary matrices of 
determinant ±1.) 

Reahze the 2-sphere carrying the triangle inside the 3-space of quaternions a; € H 
satisfying x = —x. It is then given by the equations x = —x,xx = 1, which may 
be combined into x^ — —1. Write Ja,Jb,Jc for the vertices A,B,C considered 
as quaternions. Vr or Vc are realized in terms of quaternions as indicated below, a 
quaternion i satisfying = — 1 being required for Vc- The groups have generators 
t = tA,tB,tc and s = sa,Sb,Sc which act on x G H through certain elements 
e = ba, gb, P-c smd u = UA, ub, uq as indicated. The generators are determined by 
the triangle (ca = gxp{ttJa/pa), ua = exp(f Jbc) = Jbc ■= [Jb, Jc]/\\[Jb, Jc]\\) 
and the relations satisfied by them can be extracted from [Coxeter, 1974]. The data 
are summarized in the tables below. The labels {pa,Pb,Pc) and {pa,Pb,Pc) for 
these groups are those of Coxeter. Cyclic permutations of A, B, C in the relations 
written out are understood. 



\ 


-R : X 


= —X 


generators 


relations (&cyclic) 






Km 


(PA,PB,Pc) 


t : exe~^ 


t"^^ = (tAtBtc) = 1 




0(14) 


Km 


{PA,PB,Pcy 


s : uxu~^ 


s'a = 1, {sasbY^ = 1 




Vc 


:V- 


Ix := ix 


generators 


relations (fecyclic) 


SU(yc) 


Kc 


(PA,PB,Pc) 


t : xe~^ 


f^A^ = (tAtBtc) = -1 


su'(yc) 


K'c 


{PA,PB,Pcy 


s : ixu~^ 


s'a = 1, (SASB)f^ = - 


1 



3. Statement of the theorem 

We shall need some facts concerning complex reflection groups, to be applied to the 

group K' . These are better explained in a more general setting, as in [Bourbaki, 
1968]. Let V be any finite-dimensional complex vector space, G a finite subgroup 
of GL(V) generated by reflections acting on V on the left. Let S be the algebra of 
polynomial functions on V. The group G acts on 5* on the right via fg = f o g. In 
addition there is the natural action of on and on S, giving a representation 
of X G on 5. The -stable subspaces M are the graded ones and have a 
formal -character, the Poincarc scries Pm G C|t] of M [Bourbaki. 1968, pl03]. 
If the subspace M is stable under G as well, then it has a formal x G character 
Pm € Cftj (g) Ch(G): if the variable t is identified with the standard character 
of then Pm = ^mikXit^ where rriik is the multiplicity of the irreducible 
character Xi of G in the space homogenous polynomials of degree fc in M. Pm 
can be viewed as a formal power series with characters of G as coefficients or as 
a sum of characters of G with formal power series as coefficients. The Poincarc 
series Ps of the symmetric algebra S(y*) and Pa of the exterior algebra h.(V*) 
satisfy Ps(t)PA(-t) = 1. Furthermore PA(-t) = ^(-l)'=A^t'= is a polynomial and 
Ps(t) = 1/Pa(— i) expanded as a formal power series in t. 

Let R the subalgebra of G-invariants in S. It is a polynomial algebra in dim(y) 
algebraically independent homogeneous generators, whose degrees di are uniquely 
determined up to order. Its Poincarc scries is Pfi(t) = ~ f^*-)^^, expanded as 
formal power series. For any x & V let mx be the ideal of R vanishing at x or 
equivalently on the orbit Gx. The particular ideal mo of R vanishing at is graded 
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as is the ideal Smo it generates in S. Let F be a x G-stablc complement of 5mo 
in S. Then S !v F, which implies that 

S/Sm^ w {R/Rm^) O F w F 

for any x in V: it is always a G-isomorphism, but a x G isomorphism only 
for X = 0. The formal x G-character oi S = R(^ F evidently satisfies Ps{t) = 
PR{t)PF{t). This equation can be written as Psity^Ppit) = -PrC*)"^ i-e. 

(^(-l)'=A^i*=)P^(0 = n(l-**)- 

Ch(G). Specializing now to the case G = 



,d2\ 



It is an equation for Prit) in C|tJ 
K' ,V C? this equation reads 

{l-ivvt + Aetvt^)PF{t) = {l-&){l^f" , 

The determinant dety is ±1 on K' and after restriction of characters to K it 
becomes dety = 1- The multiplication by try in G\\{K) is given by McKay's 
matrix M = {vriij) in the basis {x;}, i.e. the incidence matrix of the graph in §2. 
The degrees di. d2 may be found from the fact that did2 is the order of K' and 
{di — 1) + (^2 — 1) the number of reflections [Bourbaki, 1968, pllO,lll] or located 
in the tables of Shephard and Todd [1954]. We list them here for reference. 



K' 


An 


D„ 


Ee 


Et 


Eg 


di 


n+ 1 


2n- 2 


8 


12 


20 


d2 


2 


4 


6 


8 


12 



Expand Ppit) = J2XiPi{t) in terms of the irreducible characters Xi of The 
equation for Pp (t) becomes a system of linear equations for the unknown polyno- 
mials Pi{t) with coefficient matrix M{t) := [1 — rriijt + t^]: 
I 

^(1 - mijt + t'')Pi{t)xi = (1 - t'^'){l - t'^')xo- 

3=0 

It may be solved for the polynomials Pi{t) in a mechanical fashion. (A few lines of 
Maple code which will do the job can be found in §5). 

The polynomials Pi{t) have been tabulated in a number of places, for example 
in the papers of Gonzales-Sprinberg and Verdier [1983] and of Kostant [1985]. A 
closed formula is given by Cramer's rule: 

P.(t) = 

detM(t)- 

Miit) is obtained from M{t) by replacing the 'column' Xj by the 'column' (1 — 
i''i)(l - i'^=^)xo- The determinant is detM(t) = det(l - {21 - G)t + t^) which can 
be evaluated by the formula for the characteristic polynomial of a Cartan matrix 
[Bourbaki, Ch.V, §6, #3]. Another formula is given by Kostant [1985, Theorem 
1.11], which is particularly interesting because of the way it brings in the ADE 
root system and its Coxeter transformation: it gives the polynomials in the form 
Pi{i) = with (f nmning over a set of roots and equipped with a 

natural length function both defined in terms of the Coxeter element in the 

Weyl group. A different characterization of the Pi (t) in terms of Hecke algebras can 
be found in [Springer 1985, §8.2]; it has its origin in [Lusztig, 1983] and plays a 
prominent role in [Lusztig, 1999]. These polynomial polynomials are related to the 
characters of K as follows. 
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Theorem 3.1. Let Xi be the irreducible character associated to the node i on the 
ADE graph and let e"^ "' be the element of the maximal ahelian subgroup associated 
to the node n on a branch. The value of ivi := Xi + Xi o-t e"p'^ is 

obtained by the substituting t = e"p' into the polynomial Pi{t) 

Wc add some remarks. Since every element of K is conjugate to an element of 
some maximal abelian subgroup T this formula gives all character values. While 
'^i = Xi + Xi itself is not irreducible, the irreducible characters Xi themselves can 
easily be extracted as well. This is clear if Xi = Xii i-C- if the corresponding node 
on the graph is fixed by the inversion involution, as must always be the case unless 
the node belongs to a coupled pair labeled ±n, ±n on graph. The cases remaining 
occur only for odd D„ and for Eg. Then one c;an use the following rule for the 
splitting of Pi = + P~ which induces the splitting tTj = Xi + Xi of the character. 
All polynomials Pj {t) are of the form 

Piit) = Yl ^"'^'^ 

— hi<k<hi 

The splitting Pi = P^~ + P-~ is given by splitting the sum symmetrically at A; = 0. 

4. Proof of the theorem 

We start in a slightly more general setting. Let V he a 2-dimensional unitary space, 
G any finite subgroup of U(F). Let S be the ring of polynomial functions on V, L its 
quotient field of rational functions. Let K, R be the invariants of G in L, S. Consider 
the extension S D Rof integral domains. The classical ramification theory of prime 
ideals in extensions of Dedekind domains [Hecke, 1923, Kap.V] is not immediately 
applicable, since L is not an algebraic function field, having transcendence degree 
2 over C. But if we pass from F « to (1/ - {0})/C^ « by considering 
only C^-invariant (= homogeneous) ideals of S, then the classical facts about the 
ramification of ideals in extensions of Dedekind domains remain applicable as far 
as needed. The details are spelled out in the following two lemmas. 

Lemma 4.1. (a)The field extension L D K is Galois with Galois group G. Let p 
be a prime ideal in R. The prime ideals of S over p are permuted transitively by 
G: they are of the form = ^g, g G H\G where H = H{^) is the subgroup of G 
leaving ^ invariant. 

(b)The field extension L{^) K{p) of quotient fields for 5'/*P D R/p is Galois 
with Galois group H/I, where I = /(^) is the normal subgroup of H fixing S/^. 

Proof. These assertions are general facts [Bourbaki, 1985, Ch.V, §2,n°2; 1968, 
Ch.V, §5,n°5.]. □ 

Lemma 4.2. Assume that p is a non-zero prime ideal of R which ramifies in S, 
i.e. p = ^ n for some prime ideal ^ of S with ^ 1. Then 

(a) '^ = Sa, a G y* a non-zero linear form. 

(b) His the subgroup of G leaving the subspace P = {a = 0} invariant, I its 
cyclic normal subgroup leaving P pointwise fixed. 
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(c) Sp decomposes as a product of ideals in the form 

sp= n 

geH\G 

where e is the order of I . 

(d) The residue ring S/p (:= S/Sp) decom,poses as a direct product of rings 

s/p^ n -^/^s' 

g&H\G 

and this decomposition exhibits the representation ofC^ x G on S/p as induced by 
the representation ofC^ x H on S/^i^ . 

Proof. The assumption /(^) 1 implies that the zero set P of in V is pointwise 
fixed by a hnear transformation 1. Since V is 2-dimensional it must be of the 
form P = {a = 0} for some linear form a G V* and hence ^ = Sa. This proves (a), 
and (b) is then clear [Bourbaki,1968, Ch.V, §5,n°5]. 

The ideal ^ = is -invariant and maximal among such ideals since dim V = 
2. In particular, any two distinct ideals , satisfy +^g' = S. This implies 
the decompositions (c) and (d) of Sp and of S/p [Bourbaki, 1961, Ch.II, §l,n°2]. 
The last assertion then follows from the definition of an induced representation 
[Serre, 1977, p28]. □ 

As they stand, the representations in the lemma are infinite dimensional: the rep- 
resentation spaces S/p and S/^l" are in fact modules over the group algebra with 
coefficients in the ring R/p. Finite-dimensional representations can be obtained 
as follows. In the setting of the lemma, part (b), let m be a maximal ideal of R 
containing p. It is the ideal of R vanishing on the orbit Gx for some a; in the 1- 
dimensional subspace P = {a = 0}. Assume x 0. Let ^XHg be the maximal ideal 
of S vanishing at gx. These ideals are no longer invariant under C^. Consider 
however the group of elements h G G satisfying hx = \{h)x for some X{h) G C^. 
Since P is 1-dimensional, this group is the subgroup H oi G leaving P invariant. 
Let I be the subgroup of H leaving P pointwise fixed. Then A : H/I — > is a 
multiplicative character of H/I. Its image is a cyclic subgroup C of C^. 

The following corollary (which remains valid with e = 1 if m is unramified, i.e. 
not fixed by any nontrivial element of G) will give the desired reduction to finite 
dimensions. 

Lemma 4.3. (a)The residue ring S/m decomposes as a direct product 

(1) S/m= n ^/^s' 

geI\G 

and this decomposition exhibits the representation of C x G on S/m as induced by 
the representation of C x I on S/9Jt^ . 

(b)The representation of I on 5/9)1^ is its regular representation: 

(2) S/mi'^WCs. 
(c)The representation of G on S/m is 

e-l 

(3) S'/m« ^/ndfe". 

u=0 
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where e is the character of I on the line Ca in V* . 

Proof, (a) Consider the representation Sm as an intersection of primary ideals in 
S. These are necessarily powers of the maximal ideals DJlg of S vanishing at the 
points xg, g G G. Since Sp = nge//\G*Ps since I is the subgroup leaving 
dJl invariant this decomposition is given by = Y[g(=i\G^g- "^^^ direct prod- 
uct decomposition of S/m then follows, as does its identification as an induced 
representation. 

(b) The group / consists of reflections in the subspacc P ^ {a ~ 0} and may 
be considered as a reflection group on the quotient space V/P. The assertion then 
follows from general facts about reflection groups [Bourbaki 1968, pl07]. More 
directly, the classes of 1, a, • • ■ , a^~^ form a basis for 5/971*^ and provide the decom- 
position of S/DJl^ as a sum over the e irreducible characters of the cyclic group / 
characteristic of the regular representation: 

e-1 

(4) 5/9Jl««^Ca'' 

The components in this sum are the powers e'^ , v = 0, 1, ••• , e— l,of the character 

e by which / acts on the line Ca in V* . 

(c) Follows from (2) and (4). □ 

Now suppose G C U(y) is a normal extension of X C SU(y) as at the beginning 
of §2. Let T be one of the three subgroups Ta,Tb,Tc of K and take for x an 
eigenvector of T. The subgroup H oi G satisfying xh = X{h)x is one of the three 
maximal abclian subgroups of G, namely the one which contains T. If the subgroup 
I of G fixing x is non-trivial, then it is cyclic and its generator is a refiection s which 
centralizes T. The decomposition V = P~^+P~ of V into eigenspaces of T produces 
the situation of case (1) in §2: 

Here x belongs to P+ and now e = det \I. The decomposition (3) becomes 

e-1 

(5) S/mpa^det^Olndfl, Indf 1 « JJ S/Tlg 

v=<i gei\G 

the second isomorphism coming from S/dJlg « C. This equation remains also valid 
when 7=1. Furthermore, under the homomorphism X : H ^ C the action 

of C by scalar multiplications agrees with that of H by permutations of coscts 
Ig H- » hig = Ihg, but from the opposite side of G. This follows from the relation 
xhg = X{h)xg. 

Assume further that G is generated by reflections. Then S is free over R, say 
S K R iSi F as a tensor product over C. Then S/m (R/m) (g) F and R/m « C 
leads to 

S/m w F. 

If the subspace of S' is chosen to be stable under x G then this is a x G- 
isomorphism and the properties concerning the representation of C x G on 5/111 
carry over to F. 
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At this point we return to the group K' in the role of G. Thus S ~ R ® F 
and the representation of K' on F is equivalent to its regular representation in the 
direct product of copies Cg of C, 

(6) F « n Cfl- 

g&K' 

The elements of the direct product are functions fg oi g G K' on which K' acts 
by translations in the variable g from the left: fg fi-^g ■ This representation 
of K' extends to the biregular representation of K' x K' by left-right translations 

fg fl-^gr- 

Lemma 4.4. The biregular representation of K' x K' decomposes on K x K in the 
form 

(7) ^Xi'^T^i, '^i-=Xi+Xi- 
The sum runs over the irreducible characters Xi of K. 

Proof. Consider the decomposition of the biregular character of K' x K' into two 
pieces corresponding to the decomposition of functions on K' = K U sK into func- 
tions supported on one of the two cosets. That the functions supported on K give 
the regular representation ^ - Xi Xi is clear. That those on sK give '^Xi® Xi 
follows from the fact that K' /K acts by x '-^ X oii the characters of K: the map 
fk ^ fsk sends function on K to functions on sK, transforming the left action fik 

01 I G K into the twisted action fs(s-^ is)k- D 

Remark. The decomposition of the lemma can also be understood as follows. An 
irreducible character x' of K' either remains irreducible on K or else decomposes 
into two a pair of characters conjugate under K' / K . All irreducible characters of 
K occur twice in this way: if x' = x' then twice in this x'; if x' x! then once in 
x' and once in x'- These facts follow from general properties of subgroups of index 

2 [Weyl, 1939, p. 159]. They can also be found in [Gonzales-Sprinberg and Verdier, 
1983]. 

Compare the representation (5) ofC x K' on S/m ~ F with the decomposition (6) 
of the biregular representation of K' x K'. In (5) the group K' acting on S/m « F 
corresponds to the subgroup i^' x 1 of i^' x K' acting on HgeA:' ^g- The character 
of K in (5) corresponds to character of x 1 in (7), obtained by evaluating the 
right factors Wi in the lemma at the identity element. The action of 1 x ii' in (7) is 
not directly visible in (5). However, the action of the subgroup 1 x T is visible in 
(5) and corresponds to the action of the subgroup C of via the homomorphism 
A : T ^ C, as remarked after (5). The group T consists of elements e"~"' where 
J G H satisfies = —1. Its eigenspaces are those of J acting on w H by 
right multiplication with eigenvalues ±i. Choose x in the +i eigenspace, so that 
xJ = ix. Then xe"f ' = e"f 'x, i.e. A(e"t"') = e"t\ The result is that under the 
isomorphism (6) the character oi K xT coming from the biregular representation of 
K' X K' on Hgeif' agrees with the character oi K xC coming from the character 
oiK xC on F, i.e. 

^P,(e"f^)x, = ^7r,(e"f-^)Xi. 
Comparison of the coefficients of Xi concludes the proof of the theorem. 
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5. An example 

We list the polynomials Pi{t) and the character values Xi(c"^"') for the binary 
icosahedral group K = (5, 3, 2) of type Eg. The labels lA, 2A, 3A, AA, * refer to the 
5 nodes on branch A, the node * being common to all branches. 

P2A(t) = f+ + 1^^ + 1^^ + + 

PiA{t) = t^ + t» + tl" + + fl4 + i-W ^ ^18 + ^20 ^ ^22 ^ ^26 

P2B (i) = t6 + + + tl4 + ^16 + ^18 + ^22 ^ ^24 
PlB(t) = f7 + il3 + ^17^^23 

p^c{t) = t^ + + 1'^ + 1^"" + e° + 

Po(i) = l + i'° 

Maple will compute these polynomials if instructed this way: 
>with(linalg): 

>C := matrix([[2,-l,0,0,0,0,0,0,0], [-1,2,-1,0,0,0,0,0,0], [0,-1,2,-1,0,0,0,0,0], 
[0,0,-1,2,-1,0,0,0,0], [0,0,0,-l,2,-l,0,0,0],[0,0,0,0,-l,2,-l,0,-l], 
[0,0,0,0,0,-1,2,-1,0], [0,0,0,0,0,0,-l,2,0],[0,0,0,0,0,-l,0,0,2]]); 
>A := H-t'2-t*(2-C); 

>B := ((l-tn2)*(l-t^20))*vector([l,0,0,0,0,0,0,0,0]); 

>P linsolvc(A,B); 
> sort (expand (P [4] ) ) 

The characters are TTj = 2xi and the values Xi{^^~'^) a.re listed in the following 
table. Both i = and n = are omitted. Notation: 

1 ttI ttI ^ 27ri 27ri 

T := = ex +e-^ =1-^6-5" +6'^, 

— 37ri _37ri 47ri 47ri 

T := — ^ = e5-|-e 5=l-(-e5-)-e 5, 
[{x - t){x + T~) = x'^ - X - 1]. 





P±f ./a 


g±^JA 


e* = -1 




gf ./c 


XlA 


T 




-2 







X2A 


T 




+3 





-1 


X3A 


1 


1 


-4 


±1 





XiA 








+5 


-1 





X* 


-1 





+6 





i 


XlB 




T 


-2 







X2B 


1 


-1 


+4 


1 





XlC 


T~ 


T 


+3 





-1 



6. Remarks on invariants and geometry 

Invariants. The proof of the theorem was given in the abstract setting of ramifica- 
tion of prime ideals, which seemed clearest and perhaps useful in other situations. 
It is possible, however, to give a description of the invariants of a finite subgroup 
G of U(2) which makes the ring R and the ramification of its homogenous prime 
ideals in S more explicit. Let P be the 1-dimensional subspace of ^ ~ C^, and 
let a be a linear form defining it as P = {a = 0}. Let H and / the subgroups of 
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G leaving P invariant and pointwise fixed, li h E H then ah = \p{h)a for some 
multiplicative character Xp : H ^ . Let 

fp{x) := Yl a{gx), 

g£[H\G] 

the product being taken over a set of coset representative denoted [H\G]. Under 
the left action x Ix hy I G G the polynomial fp{x) transforms according to the 
rule 

fpilx) = Ml)fp{=r^ A*p:=(Ap)l^\^l, 
showing that fp is a relative invariant of G. The zero-set {/p = 0} is GP, the union 
of the lines Pg := gP, g G G/H. Fix an affine Kne x = az + b in V and let Zp be 
its point of intersection with P. The Pg then become the roots Zg of the equation 
fp{z) = which represents fp = 0. Now consider any relatively invariant form / 
on V. The equation / = defines a set of points on F{V) invariant under G. If one 
expresses this set as a union of G-orbits [Jp GP, each counted with the multiplicity 
nip of Zp as a root of f(z) — 0, then the polynomial Yip fp^^ i^) has the same zeros 
and multiplicity as f{z), hence differs from / by a constant factor. As form on 
V, f = Yip is an absolute invariant if the multiplicative character Yip jJp'' is 
= 1. In the case when G is a finite subgroup K = {pa,Pb,Pc) of SU(2) one obtains 
generators for R in this way by restricting P to run over the eigenspace Pa, Pb,Pc 
of the three maximal abelian subgroups Ta, TB,Tcoi G. In case G is the reflection 
group K' = {pa,Pb,Pc)' two of such invariants suffice as algebraically independent 
generators for R. The decomposition /Sf = f]^ of an ideal f = Rf generated by 
such an invariant / = Yip fp^^ is clear. 

A question arises at this point. The discussion here, and the proof of the theorem 
by reduction to ramification of primes in a Dedekind domain, depends heavily on 
dimV = 2 . The question is whether the decomposition Sp = Yl^g nevertheless 
remains valid if G is a reflection group in arbitrary dimension and *P the ideal 
vanishing on an arbitrary intersection of reflecting hyperplanes. 

Geometry. The discussion of the ramification of primes in the ring of invariants 
proceeded in the language of commutative algebra. Another perspective emerges 
if it is rephrased in the language of algebraic geometry. The translation runs as 
follows. The rings S and R arc the regular functions on the affinc varieties V 
and Q := G\V, the inclusion S D R being the pull-back via the quotient map 
TV -.V ^ Q. These varieties come with actions of the multiplicative group whose 
quotients give projective varieties V ~ and Q together with a map n : V ^ Q. 
V and Q are affine algebraic surfaces, V and Q projective curves. The maps n and 
7f are ramified coverings. 

A 1-dimensional subspacc P oi V corresponds to a point P of and its image 
J3 in Q to a point p in Q. If p is the ideal of R defining the image p = n{P) of P 
in Q, then Sp is the ideal of S defining the inverse image Tr~^{p) = GP = [JgP 
in V. The factorization Sp = Ylgei\G^g corresponds to the decomposition of 
n~^{p) into the individual lines gP each counted with multiplicity e. S/p is the 
ring of 'functions' on 7r~^(p) and S/p = Ylgei\G ^/^g decomposition into 

functions supported on the individual lines gP. If P is the replaced by a point x 
in it, then 5m = Ylg^j\c^g defines the decomposition of the fiber 7r^^7r(x) = Gx 
into multiple points and S/m = Ylgei\G S/^g the decomposition of the ring of 
'functions' on the orbit Ga;into functions supported at its individual points gx. 
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The isotropy group / of the base-point x is normal in the group H leaving P 
invariant and the groups G and H act on opposite sides on the orbit: if G acts on 
Gx « G/I on the left, then H acts on right via {gx)h := ghx. The difHculty with 
this picture comes from the fact that the points gx in an orbit may have higher 
multiplicity, accounting for the fact that the 'functions' take on values in the rings 
S/dK'g depending on the points, rather than in the field S/^Slg = C. It is for this 
reason that the algebraic description seems preferable. 

Nevertheless, the interpretation of ramification as representing fiber decomposi- 
tion with multiplicity, i.e. 

S'm = Jj93Tg represents 7r~^[7r(a;)] = ^e[a;g], 

is highly suggestive: it suggests a realization of the representation of G with char- 
acter TTj by monodromy in this fiber system, with G acting on a fiber of the map 
TT : y — > Q by continuous transport around loops in the; set of regular values. Of 
particular interest in this connection is the different ideal of S over R [Zariski and 
Samuel, 1958, Ch.V, §11]. In geometric terms it is the ideal D of S defining the 
ramification locus, i.e. the inverse image of the set of critical values of tt : V ^ Q. 
Equivalently, S is the ideal in the homogenous coordinate ring SofVf^F^ defin- 
ing the ramification locus of the ramified covering tt : V Q oi compact Riemann 
surfaces. It factors as 2) = Yip where P runs over the points of V at which the 
Jacobian D ofn vanishes with multiplicity mp ^ 0. It is in fact the principal ideal 
S) = SD. In case G is a reflection group (in arbitrary dimension) the ramification 
locus is the arrangement of reflecting hyperplanes and D the product of the linear 
forms defining them. [Bourbaki, 1968, p. 116]. 

In case G is a finite subgroup of U(2), e.g. a Klein group, the ramification locus 
is the union of the singular lines P which have the maximal abelian subgroups H 
of G as stabilizers. As mentioned in §2, each H is the stabilizer of two singular 
lines P, P~ which may or may not be interchanged by the group N(H) /H, of order 
2 or 1. D (X Ylpi'^'^'p)"^'' is ^ constant multiple of the product of linear forms ap 
defining the singular lines, ap being taken with multiplicity mp = \H\ — 1, H := 
the image of H in U(l^) := U(y)/U(C). If the aps are grouped into G-orbits the 
product becomes 

Here Ha, Hb, ■ ■ ■ runs over a complete system of representatives for the conjugacy 
classes of Hs, Ja = Ylge[G/HA]i^^9), and pa = \Ha\. 

On the other hand, the Jacobian is D oc d{fi, f2)/d{zi, Z2) for any are linear co- 
ordinates zi, zi of V and any two generic forms /i, of the type /p, for which H = 
{!}. If one compares degrees in the relation d{f\,f2)/d{zi,Z2) oc f^~^ f^~^ ■ ■ ■ 
one finds 

One thus returns to the class equation for subgroups of U(2), the starting point for 
their classification. The discussion is based on [Klein, 1884, Ch.5, §2]. 
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